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1 Introduction 

In Iwaniec-Sarnak [IS] the percentages of nonvanishing of central values of families 
of GL 2 automorphic L-functions was investigated. In this paper we examine the 
distribution of zeros which are at or near s = | (that is the central point) for such 
families of L-functions. Unlike [IS] , most of the results in this paper are conditional, 
depending on the Generalized Riemann Hypothesis (GRH). It is by no means obvious, 
but on the other hand not surprising, that this allows us to obtain sharper results on 
nonvanishing. 

The density and the distribution of zeros near s — ~ for certain families T of L- 
functions has been studied recently in Katz-Sarnak [KS1, KS2]. The philosophy and 
conjectures which emerge assert that for such families of L-functions, the distributions 
of the low- lying zeros, when we order the L-functions by their conductors (see below), 
are governed by a symmetry group G(F) associated with T. In the cases where 
one can identify the function field analogues and compute the scaling limits of the 
corresponding monodromies of the family, one arrives at such a symmetry G(T). 
Examples where this can be done and where the corresponding predictions can be 
verified are given in [KS2]. One of our aims in this paper is to pursue these conjectures 
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for families of GL 2 and GL 3 L-functions. 

The families which we consider are the following: 

(1) . Tk'- L(s, /)'s, where / is a holomorphic cusp form of even integral weight k < K 

for r = SL 2 (Z), as K — > oo. We define the conductor c/ of L(s, /) to be A; 2 . 

(2) . jF/y: L(s, /)'s, where / is a holomorphic newform of fixed weight k for T (N) 

(the Hecke congruence subgroup). Here we let N — > oo, and for simplicity we 
assume further that N is prime. The conductor Cf of L(s, /) in this case is equal 
to N. 

(3) . J r sjm 2: L(s, sym 2 (/))'s, where / is as in (1), and sym 2 (/) is the symmetric 

square representation associated to /, (see [Shi] for the analytic properties of 
these L-functions). Define the conductor c S y m 2(j) of sym 2 (/) to be k 2 . 

The families Tk and Tn above consist of GL 2 forms of general type. Consid- 
erations similar to those in [KS2] suggest that their symmetries G{Tk) and G(F N ) 
are 0(oo) (i.e. the scaling limits of orthogonal groups). In particular for each such 
family approximately half of the self-dual L-functions L(s, f) have even functional 
equations (i.e. with sign e/ = 1) and the other half have odd functional equations 
(e/ = — 1). It is natural to consider the subfamilies and J^§, where + denotes 
those /'s with €f — 1 and — those with 6f = —1. The corresponding symmetries are 
.SO (even) (or 0~(odd)) and SO (odd) (or 0~(even)) respectively. 

The family ^sym 2 (/) consists of self-dual GL 3 forms (after an application of 
Gelbart- Jacquet lifting [GJ]). The expected symmetry group for these is G(jF S y m2 ) 
= Sp(oo). Note that the sign of the functional equation, esym 2 (/)> is always +1. 
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We investigate the '1-level' densities (see [KS1]) of the low lying zeros. For F any 
of the /'s above or sym 2 (/), denote the nontrivial zeros of L(s, F) by 

1 

PF=^+llF (1) 

Thus 7f G R is equivalent to the GRH for L(s, F) being valid. Throughout the 
paper, let <fi G «S(R) (a Schwartz function) be even for which the Fourier transform 

J —oo 

is of compact support (so that extends to an entire function). We define the density 
sum for zeros near s = | by 

D(F, 0) = ^0( 7F (logc F )/27r). (2) 

If 

Since is localized, the scaling by (logcp)/27r means that D measures the density of 
zeros of L(s, F) which are within 1/logcp of \. For a given family J 7 , let M X {T) = 
#{F G J-'yCF < x}. The density over T of low lying zeros (ordered by conductor) is 
defined to be 

This should converge to one of the densities corresponding to each symmetry type as 
computed in [KS1]. These densities are given by 



W(SO(even))(x)dx = (l + ^^-\dx, 

\ 2irx ) 

W(SO(odd))(x)dx = 5 (x) + (l- sm27TX ) dx, 

V 2ivx ) 



W(0)(x)dx = l-5 + dx, 



W(Sp)(x)dx = (l-^p^W ( 4 ) 
V Itxx ) 

Here 5q is the unit point measure at 0. 



The 'Density Conjecture' for any of the families above is the statement 



I roo 

}™WTt\ E D(F,<f>)= <fr(x)W(G(r))(x)dx (5) 
for any e «S(R) with support of <fi compact, where G^F) is the proposed symmetry. 

Towards this Density Conjecture the following theorem is our main result. Let 
Hl(T (N)) denote the set of newforms (normalized to have first coefficient 1) of weight 
k for Tq(N). Let H k ±1 (T (N)) be the subsets with e/ = 1 and e/ = — 1 respectively. 
Note that if N = 1 for / e H* k (T) we have e f = {-if/ 2 . Set 

M + (K) = J2 #tf*(T), 

k<K,k=0( mod 4) 

M-(K) = #^( r ), 

k<K,k=2( mod 4) 

M(K) = M + (K) + M~(K), 

M+(iV) = #H£(T (N)), 

M k ~(N) = #H k (T (N)), 

M* k (N) = M k + (N) + M k (N) = #H* k (T (N)). 

Theorem 1: Assume the GRH for all relevant L-functions. For any <fi e «S(R) with 
the support of in (—2, 2) we have: 

1 roc 

i im MHK\ E £ ^ = / t(x)W(SO(even))(x)dx, 

K^oo M+(K) fcsQ( mQd 4)jfe < x /g ^ +(r) 7-oc 

J im XFT^n £ E = / ^M^odd))^, 

V / fe=2( mod 4),fc<X f£H~(T) 

| /"OO 

^M*7M E D U,<P) = j cj>(x)W(SO(even))(x)dx, 

I /-oo 

jfe»M=?M £ D (f^)= <f>(x)W(SO(odd))(x)dx. 



Moreover, for any G «S(R) with the support of in (—4/3, 4/3), we have: 

I too 

Remarks: 

(A) . Theorem 1 confirms the density conjecture (5) for the families Tk-, J~n and J^sym 2 
in the ranges of the support of 0, in which it applies. 

(B) . Theorem 1 can be established unconditionally for 0's with the support of in 
(— 1, 1). The extension to 0's with larger support is significant. The reason is that the 
functions W(Sp)(g), W(SO(even))(£) and W(SO(odd))(£) all have discontinuities at 
£ = ±1. These discontinuities signal that there are fundamentally new contributions 
to the asymptotics for such 0's. Indeed for support of in (—1, 1) the contribution 
comes from the 'diagonal' term in Petersson formula [Pet]. The new non-diagonal 
terms contributing to the asymptotics arise from Kloosterman sums (such contribu- 
tions occur in [IS] and earlier in [DFI]). These terms are of a different nature and 
their appearance is quite subtle for the family .Fsym 2 - We note that the results in 
Theorem 1 go well beyond the similar analysis of the pair and higher correlations for 
the zeros of the Riemann zeta function (Montgomery [Mon], Hejhal [He], Rudnick- 
Sarnak [RS]). The analysis in those works extends only as far as the diagonal terms 
being the main contribution to the asymptotics. In particular in as much as Theorem 
1 tests the density conjecture (5) beyond the diagonal, we feel it lends strong evidence 
to the truth of the conjecture. 

By choosing positive test functions in Theorem 1 with appropriate restrictions on 
the support of 0, we obtain estimates for the number of / e T such that L(|, /) ^ 
0. An analysis of the optimal choice for for this purpose involves extremizing a 
quadratic form subject to a linear constraint and is carried out in the Appendix. 
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Corollary 2: Assume the GRH for GL 2 automorphic L-functions as well as Dirichlet 
L-functions. Then for the family T K we have: 

, x r . , #{/€ff fc (r);fc< A:,fc = 0(mod4),L(|,/)^0} 

(a) hmmt —p- rr /T ^. , - - - , -7 7^ > 9/16, 

x^oo #{/ G H k (T); k < K,k = 0(mod4)} ' 

(b) W #{/ G Jf fc (r);]fe<tf,]fc = 2(mod4)} > 15/16 ' 

For the family jFjy: 

(c) « Wf i ^OT) > 9/16 ' 

(d) « # {/ e^(r (iV))} > 15 / 16 ' 

(e) ^supWf^l, 

where ord(s , /) is the order of vanishing at s = s of L(s, f). 
For the family ^yin 2 '- 

lim inf #{/ g ^(r);^<^^o( mo d2),L(i, 5ym y))^o} 

W x^oo #{/GiJ fe (r);A;<ir,A; = 0(mod2)} 7 

Remarks: 

(A) . The Density Conjecture would yield the (presumably) true values for the above 
limits, that is the value of 1 for all but case (e) and the value | for (e). 

(B) . All the bounds in Corollary 2 depend crucially on the extensions of the range 
of the support of in Theorem 1. Without these extensions one would for example 
obtain a lower bound of greater or equal to 1/2 in place of 9/16 in (a) and (c). In [IS] 
this lower bound of greater or equal to 1/2 is established unconditionally. Moreover 
it is shown that improving this to anything bigger than 1/2 is intimately connected 
to the Landau-Siegel zero. Of course, in Corollary 2 this is not an issue since we are 
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assuming GRH. The minute improvements implied by the strict inequalities in the 
Corollary can be determined explicitly (see Appendix 1). 

(C) . An unconditional lower bound of greater than or equal to 7/8 for (d) above has 
recently been established by Kowalski-Michel [KM] and Vanderkam [Va]. Also in 
Kowalski-Michel [KM] an unconditional upper bound of 6.5 in place of 1 in (e) above, 
is proven. 

(D) . The Density Conjecture for Tn and the cases (c), (d) and (e) of Corollary 2 
specified to k — 2 have applications to the estimation of the ranks of the Jacobians 
of the modular curves X (N), see [KS2] for a description of these implications. 

The results in Theorem 1 are stated for families with fixed sign of e/, and they 
are conditional. However, if we do not break parity (with respect to the sign of e/) 
we can easily establish unconditionally a version of Theorem 1, which is as strong . 
We do so for a weighted version of the densities for the family JF^, the weight being 
L(l, sym 2 (/)) _1 which is dictated by the Petersson formula [Pet]. 
Fix h G C^°(0, oo), h ^ and define the averaging operator Ak by 

MX}} = E Hk/K) £ L(l, sym^/))- 1 ^, (6) 
fc=o(mod2) /e-ff fc (r) 

where X is a function from Hk(T) to R. 

Theorem 3: For G «S(R) with support(0) C (—2,2), and D k {f,<p) the approxima- 
tion to D(f, 4>) given in (20), we have 

A K [DUM = too mwmx) ^ 

K^oo A K [l\ J-oo 

Under some natural hypothesis about exponential sums of analytic (as opposed 
to arithmetic) functions over primes in progressions we can extend the range (—2, 2) 
and this has striking consequences. 
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Hypothesis 4: For any e > 0, X >2, c > 1 and a with (a, c) = 1 we have 

p<X,p=a( mod c) 

where the implied constant depends only on e. 

A discussion of this Hypothesis as well as its relation to the zeros of Dirichlet 
L-functions (i.e. GLi/Q L-functions) is given in [CIRS]. Here we note that for our 
purpose of extending the range (—2, 2), all that we need from Hypothesis 4 is a 
bound of the form X s c A with some 5 < 3/4 and some A > 0. With 5 = 7/8 such 
a bound is essentially due to Vinogradov [V] while the bound with 5 = 3/4 follows 
from the Density Hypothesis for Dirichlet L-functions. 

Theorem 5: Assume Hypothesis 4, then Theorem 3 is valid for 0's for which 0(£) is 
supported in (—7/3, 7/3). 

The remarkable thing about Theorem 5 (or any improvement over the range 
(—2, 2)) is that it strikes at the GL 2 Riemann Hypothsis! That is, it implies 

Corollary 6: Assume Hypothesis 4 and that the zeros of L(s, f) for / e H%(T) are 
either on 9?(s) = \ or on the real axis. Then for all k sufficiently large (and effective) 
and any / G H%(T) we have 

L(P, f) ^ 0, if 0> 13/14. 

Remark: 

By a somewhat different method we can remove the annoying assumption about 
L(s, f) having its zeros either on 9ft(s) = \ or being real [ILS]. This leads to Hypoth- 
esis 4 implying a quasi Riemann Hypothesis for L(s, f) for / of large weight k. What 
is remarkable is that Hypothesis 4 is concerned with bounds for exponential sums of 
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an analytic function over primes in progressions (so it is a classical GLi type assump- 
tion) which implies a quasi Riemann Hypothesis for the GL 2 L-functions(it reminds 
one of the Lang- Weil Theorem [LW] which gives a quasi Riemann Hypothesis for zeta 
function of varieties over finite fields by using RH for zeta functions of curves). It 



Xf(p) is the p-th Fourier coefficient of /, and the Riemann Hypothesis for L(s, f). 
The relation in Corollary 6 also throws new light on these classical exponential sums 
in Hypothesis 4. 

2 Large weight 
2.1 Preliminaries 

In order to carry out summations over the weight k (k even) we recall some results 
about series of Bessel functions, the Petersson Formula and the Explicit Formula. 

Proposition 1. Fix a real valued function h G C^°(0, oo). For a = ±1 and x, L > 

we have 



is very different to the familiar relation between cancellations in J2 P <x Xf(p), where 



(A). 




(B). 



2 £ h(-)i^Mx) 



l=l( mod 2) 




i(x— 7r/4) 




y/x 



( 



L 2 



2x 



) 



) 




) 



where Vh € «S(R) and is given by 
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Proof. This follows easily from the integral representation 

Ji(x) := / e(lt) exp(— xsm(2nt))dt, 

"2 

and Poisson summation, see [Iwl, pp 85], where for g(x) we are using the function 

Mf). □ 

Note, in particular, that since 14 is rapidly decreasing at oo the imaginary part 
term in Proposition 1 is 0(L~ A ) for any A > 0, if x < L 2 ~ 5 for some 5 > 0. 

Recall that H£(F), k even, denotes the set of holomorphic Hecke cusp forms (with 
first Fourier coefficient a\ = 1) of weight k for T = SL 2 (Z). As is well known 



jtTT (D - I ^/ 12 ] " 1 if k = 2 ( m0d 12 )' (7) 
#*kV)- j ^ 12 j if otherwise. 10 

For such an / let L(s, /) be its L-function: 

n=l " 

where A/(n) are the normalized Hecke eigenvalues of /. In particular, A/(n) G R and 
it satisfies the following multiplication rules 



A / (n)A / (m)= J] A, ^ . (9) 

d|(ra,m) V 7 



Moreover we have ([De]) 



|A/(n)|<r(n):=5:i. (10) 

The functions 

A( S , /) = (2tt)-T( S + (k — 1)/2)L( S , /) (11) 
are entire and satisfy the self-dual functional equations 

A(s, f)=i k \(l-s, f). (12) 
10 



The symmetric square L-function L(s, sym 2 (/)) corresponding to / is defined by 

L(s, sym 2 (/))=C(2 S )E M r i - (13) 

n=l 71 

Shimura ([Sh]) has shown that this Euler product of degree 3 is entire and satisfies a 
functional equation 

A(s, sym 2 (/ )) := (^F (i±l) T (^pl) T (i±*) L(s, sym 2 (/ )) 

= A(l-s, sym 2 (/)). (14) 

It is known that L(s, sym 2 (/)) ^ for 5ft(s) = 1 and also ([HL]) that 

(log A;)' 2 « L(l, sym 2 (/)) « (log A;) 2 . (15) 

The key tool for averaging over forms of weight k is the following 
Proposition 2 ([Pet]). 

27r 2 x Xf(m)X f (n) . n , k ™ S(m,n;c) T (AT[Jmn\ 

where 5(m, n) is 1 if m = n and otherwise, while S(m, n; c) is the Kloosterman 
sum 

„, , x - / mx + nx\ 
S(m,n;c)= ^ el I. 

x( mod c),xx=l( mod c) 

Next we define averaging operators A K and A% as follows: For h > in C£°(0, oo) 
and X/ a quantity depending on /, set 



k-l\ 2tt 2 ^ X 



fe0(mod2) \ ^ J K 1 /GHJE(r) WJJ 



and 



fc-l\ 2tt 2 ^ X, 



a ' k[x ' ] = PH ^JL ^ (17) 
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where e = ±1. Thus according to (12) A e K averages over /'s whose sign of their 
functional equation is e. 

Applying Propositions 1 and 2 with Afr[l] = 4k"[A^(1)] we get 

A K [l\ = ±h(0)K + 0(K~*), (18) 

and 

Af[l] = \h{U)K + 0{K-% (19) 
In particular the average of L(l, sym 2 (/)) _1 is Q/n 2 which is best thought of as 
VC(2). 

The final result which we will use repeatedly is the explicit formula relating the 
zeros of A(s, /), which we denote by pf = |+«7/, and the numbers A/(n). Write A/(p) 
= otf(p)+/3f(p) with af(p)(3f(p) = 1 (so that according to (10), = = 1). 

Proposition 3 ([RS]). Let G «S(R) be even and for which 0(£) = Pf^ e(— x£)cj)(x)dx 
is of compact support. Then for / G H£(T) 

5 < (£) - s £ (- 4 + *) 4 - *)) * (s) * 

- 2 E E ^(«/(p)" + /3/b)^)0(iog^). 

P u=l P 

2.2 When /c = 0(mod2): 

Fix a test function <fi as in Proposition 3. For K large and A\K < k < A2K 
(A\ < A 2 , fixed) define the densities of low-lying zeros for / G H%(T) by 
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These serve as approximations to the densities (see (2)) 



We examine the asymptotic behavior of averages A K [D K (f, 0)] as K — > oo. Applying 
the explicit formula (Proposition 3) to the test function <f)((2\ogK)x) whose Fourier 
transform is 2 io g K ^ ) (lioglf)' together with the relation aj(p) + (3j(p) = A/(p 2 ) — 1, 
one gets 



1 ^ logo 2 ( \ogp 



\ogK^ ^p J ^ /T \2\ogK 
1 ^ logp 



log if 

Hence Ax[-Dkt(/, 0)] splits accordingly into 

A K [D K (f, <f>)} = I + II + III + IV + {^§^j ■ (23) 

Clearly 

/oo roc 
<P(x)dx} = ( </>(x)dx)A K [l], (24) 
-OO J —CO 

while 

which by the prime number theorem is asymptotically equal to 

The assumption that support (0) C (—2, 2) restricts the ranges of summation in III 
to p < K 4 " 5 for some 5 > and in IV to p < K 2 ~ 5 . Thus applying Proposition 
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2 and part B of Proposition 1 (with L = K, x = Anc~ l ^/p <C c^K 2 ' 5 / 2 , so that 
L 2 /2x 3> cK & l 2 and the first term on the right-hand side of (B) is absorbed by the 
error term xL~ A ) we get 

rrr 1 V- log P ^ \S {1 , P ] C )\ yft 

\ogK p ^i_ s VP V c cK*' 
It is convenient here and elsewhere to invoke the well-known bound of Weil [Wei] 

\S(m,n;c)\<(m,n,c)^r(c)c^. (26) 

This yields 

III < K- 5 . (27) 

Similarly we may show that 

Combining these estimates we conclude that if support ((f)) C (—2, 2), then 
A K [D K {fM ~ ( r 4>(x)dx + ^r)A K [l] 

J — oo Z 

+ (29) 



as K — > oo. This establishes Theorem 3. 

We turn to extending this result to 0's with larger support. Allowing p to be larger 
than K 4 in the term III above one faces the new term coming from Proposition 1 
part B, viz the imaginary part of 

5(1, p, c) 



x ( e *( 47r v / P/ c - 



V logp 6 ( logp ^ V 

^ y/p \2\OgK J ^ 

-^MS) +o (^) +o fe))- (3o) 
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Suppose that the support of <p imposes the restriction p < P, then the O-term in (30) 
contributes (here and henceforth, e is an arbitrarily small positive number and it may 
change its value at each occurence) 

provided that P < K 1A ^~\ i.e. if 

support C (-7/3, 7/3). (32) 

As to the other term in (30), it may be written as 

c<P? +€ /K 2 

(33) 

where 

F a , c (t)= ]T Qogp)e(2y/p/c). (34) 

p=a( mod c),p<t 

The restriction on the c sum follows from Vh being in «S(R), and of course if P < K 4 
then the term (33) is essentially not present. According to Hypothesis 4 of the 
Introduction which we now assume we have 

Fa,c(t) «e (35) 

Integrating by parts in (33) and invoking (35) yields the bound of K~ 3 P^ +e for the 
quantity in (33). Again this is o(K) as long as support <p C (—7/3, 7/3). 

Concerning the term IV in (23), an application of Proposition 2 followed by Propo- 
sition 1 part B and a direct estimation using (26) shows that 

IV = o{K) 
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as long as support C (—4, 4). Combining these estimates we conclude the following 
Proposition (which is Theorem 5 of the Introduction): 

Proposition 4. Assume Hypothesis 4 of the Introduction. For <fi with support <p 
contained in (-7/3, 7/3) (29) holds. 

Assume now that L(s, f) satisfies the condition that all its zeros are on 9R(s) = | 
or are real. Then if we choose a test function (f)(x) in the form 

«*> = Xr^r) • (36) 

(or even a C°° smoothed version of it) where v < 7/6, then support <fi C (—7/3, 7/3). 
Moreover under the assumption on the zeros of L(s, f) we have D K (f, <fi) > for any 
/. Applying Proposition 4 we conclude that for any / of weight k (and set K = k) 



1 vn M f, ,) = £ ( 3il f^' f> ) 2 « *». (37) 
1, sym 2 (/)) f \ 2z/ 7/ log/c / 



-£/(i, ......... . w , , 

According to (15) this gives 

2 



( sin(2i/ 7/ logfc) \ <eA;2+e 
V 2z/ 7/ logA; / 



(38) 



for any zero Pf = \ + ijf- In particular if p/ e (§, 1) so that 7/ = — i/if, < /// < |, 
then 

2 



sinh(2t//x / logfc) \ ^ fc2+e 
^ 2ufi f \ogk J 



or 



For large this implies that /// < (2//)" 1 , i.e. pf ^ 3/7. We conclude that any real 
zero pf satisfies pf ^ 13/14. This establishes Corollary 6. 
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2.3 When k — a(mod4): 



In this subsection we consider similar averages to the previous one except that we 
break parity in terms of the signs of the functional equations of L(s, f) and we also 
average with respect to uniform weights. We will also assume GRH - that is the 
Grand Riemann Hypothesis for all L-functions. 

Let h and be as before. For a = or 2 consider the sums 

st a) [D K (f, <P)] = E fc(nr)r37 £ JM/>0 (40) 

= A^- a) [67r- 2 L(l, sym 2 (/)) J D x (/, 0)]. (41) 

It is easy to see that given as above we can find a X e «S(R) whose Fourier 
transform has compact support and such that 

\<p(Lx)\ < faix), for L > 1, x G R. (42) 

Since we are assuming the Riemann Hypothesis for L(s, /) we have 7/ G R and 
hence 

0)l<E^i(^)- ( 4 3) 
Applying the explicit formula to the latter (and that k ~ K) we get 

IM/, 0)«logK (44) 

The Riemann Hypothesis for L(s, sym 2 (/)) allows us to approximate L(l, sym 2 (/)) 
by a short Dirichlet series (in fact one can show unconditionally that such approxima- 
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tions are valid with at most few exceptions (see [IS] and [L])). More precisely shifting 
the contour integral 

,ds 



f L(s + 1, sym 2 (/))X* 



to 3?(s) = — \ and applying the Lindelof Hypothesis (which is a consequence of GRH) 
for L(s, sym 2 (/)) yields: 



L(l, sym 2 (/)) = £ ^ + O e p"i) 



m 2 n<X 



m 2 n 



(45) 



In particular if <5 > (very small and fixed) then 

L(l, sym 2 (/)) = £ ^? + 0(^ 2 ). 

m 2 n<k°0 

Moreover from (45) and (15) it follows that for k large 

^ \f(n 2 ) 2 

£ > (log fc) 2 . 



(46) 



m 2 n<k s 



(47) 



Throughout this subsection we will assume that support C (—2, 2) so that for 
suitable 5 > 



support C (-2 + 5, 2-5). (48) 

Let 5 = 5/100 (say), then using the approximation (46) in (41) and using (44) as 
well we get 



S#- a) [£>*(/, 0)] = 6tt- 2 ^ 



2 ^(l-o) 



% 2 n<k 5 o 



+0(A ( ^ a) [l]K- 50 / 2 log IT). 

(49) 



Applying the explicit formula in the form (22) to the middle term in (49) and using 
(47) we get 
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S$- a) [D K (f, 0)] 



fi / r°° 1 

- / ^ + rrE 

7T 2 \J-oo log A p 



logp^ / logp ' 
P \logif, 



(l-o) 

if 



„•", - m 2 n 

m 2 n<k 6 o 



6 



7T 2 log if 



IT 2 log if 



v P ^^ogify 



E 

m 2 n<k s 



^/(P)A/(W 2 

m 2 n 



E 



m 2 n<k s 



A/(p 2 )A/(n 2 
m 2 n 



+ 



+ 



(l-o) 



log if * 



E 

m 2 n<fc ,5 



A/(n 2 ) 
m 2 n 



(50) 



Next we examine the contributions of each of these terms as if — > oo. Applying 
Propositions 1 and 2 one gets 



I (i-o) 



E 

m 2 n<k s 



X^n 2 ] 
m 2 n 



Kh(0) J_ + O{K 3S 0K 38 -4 ) 



4 



rn 2 <K s o 



Thus the first term in (50) is asymptotic to 



Kh(0) 



( jT #*)ds + ^ ~ St a) [1] ( 4>{x)dx + 



0(0)' 



(51) 



4 V J— oo 2 / W— oo 2 

It also follows from the above that the O-term in (50) is o(if ) as if — > oo. 

The third term in (50) is also o(if ) as if — > oo since according to Proposition 1 
and Proposition 2 



E 



logp^ ( \Qgp \ A(1 _ o) 



^ p \ log if, 



m 2 n<k s 



m?n 
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^ logp - f logp \ Kh(0) 



m 2 p<K 



So p 2 m 2 \\ogK ) 4 



logp 



logp 







' logp " 



E 



1 |g(p 2 ,n 2 ;c) 

2^ 2^ 



, / 4npn\ 



« A' + V !^ V -i- £ c-i+< « A' + id*' « K 



(52) 



This leaves us with the second term in (50) which in fact contributes to the main 
term (this being an 'off-diagonal' contribution). Applying Proposition 2 it equals 



logp 2 f logp 



7r 2 log K p y/p \ 2 log K J 

fc=a( mod 4) V ^ / m?n<Kk) < n n c c V C / 

Applying Proposition f part A to the above yields (using p <C K A ~ 25 ) 



12ni a ^ logp - / logp 
'^logK^^/p^ 

x E 



m 2 n<^0 



^ S(p,n 2 ;c) 



+ 0{K- & / 2 ) 
3i a . 



f ^ f ^ ^(p, n 2 ; c) log" - / lnpr-n 



3^ a y 1 1 S(p,n 2 ; c) log p ^ f logp 



21ogfT/ V cfs: / 



3i a f f 

to m 2 n<K b Ki c 

\cicr n ~ / lncr-n \ /47rn. /t7\ 



c) 



_ logp?/ logp \ Uimy/p \ 
P ^ odc) VP K^ogK) { cK ) 



3i a 11 1 

E ^E-E: ( mod C )^(«^ 2 ;c)-7^ E x(«) 

loe 



X ? ! f^(^) ft (^) +0(A ^ ) ' (53) 
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We next invoke GRH for Dirichlet L-functions which gives for x(modc) 



^( x , x) = E X(p) lc, gP = $x x + 0{c e xi +e ) 

p<x 



(54) 



where 5 X — 1 if x is principal and is otherwise. 

We consider first the contribution to (53) when x Xo (the principal character). 
This is 



1 



y 

l °Z K m ln<KSo 



1 



E 



i 



c<if 1 -' 5 / 10 



cip(c 



E 

X( mod c),x^XO 



/ log* \ (4nny/i\ #(t,x) 



x \y*a( mod c)S(a,n 2 ;c)x(a) 
Integrating by parts and using (54), together with 

I Ea( mod c) S(a,n 2 ;c)x(a) | < e c 1+e , 
leads to the term in (53) being 



(55) 



,1+e 



«r^ E E ^ TT ^(c)«^ 5/2 °. 



(56) 



The contribution to (53) from the remainder term for x — Xo (using (54)) is also 
at most K X ~ 8 I 2 as in (56). We are left with the contribution from main term from 
X = Xo(modc) to (53). That is (53) equals 
3i a 



y Y~ E TTEa(modc)'S'( a ) n2 ; C ) 



X 



r°° 2 ( log* \ . fAimy/t\ dt . 



■6/2 



)■ 



(57) 



Put 



then (57) is asymptotic to 
3i a K ^ 1 



2tt 2 log AT m2 ^ K6o m 2 n 2 ^ K <p(c) 



47m\/t 
cK ' 



E ~7HK E«( mod c) S ( a , n2 \ c ) 



o \ log If 



h(y)dy. 
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Evaluating the sum of Kloosterman sums, we see the above 

3i a Kh(0) _ 1 _Mc) ^ , z/jsjlf, , lo S c 
L Z^Za L ZZZ 1 



2^1og^ m2 ^ f0 m2n 2 c ^^(c)^ |c V lo S^, 

3i a ATfe(0) ^ 1 //(Ad) u / log(Ad) ^ 

3^1^(0) ^ 1 ^dfi(d) _ /i 2 (A) ? / log(Ad)\ 
2v ZX^ Z^ZZ^Z L ZZTZ<M 1 + 



2vr 2 log K m2 ^^, o m 2 n 2 d|n2 p(d) A <^ 1<0=1 ¥>(A) V lo S # 
Now if 

Fd{t) — £ ^ 
A<t,(A,d)=l ^V A J 

then for d square-free 

*d(*) ~ log t, as t -> oo. 
a 



Hence 

log(rft) ^ </?(d) 
(log*). 
Thus (58) is asymptotic to 



3i a ^/i(o) n _ ^ i ^ 

This completes the calculation of the contribution of the second term in 
Collecting all the contributions yields 

s£~ a) [D K (f, 0)] ~ -h(0)K[ / <P(x)dx + -0(0) - -i a 

4 J-oo 2 2 J\iXz\ 

If a = 0, this gives 

1 * r 00 1 /■ 

S x K [D K {f, 0)] ~ t/i(0)K[/ </>(x)dx + - 0(£K] 

/oo 
w( ( 5O(even))(x)0(x)da;. 
-oo 



22 



Similarly if a = 2, we get 

/oo 
u(SO(odd))(x)<P(x)dx. (61) 
-oo 

To deduce Theorem 1 for the family Tk from (60) and (61) we need to replace 
Dx(f, 4>) by D(f, 4>). If we assume, as we are, that the 7/s are real, then for 
AK ^ k < BK {A < B fixed) and for 7/ > (say) 

(7/^) = (7/^) + O( 7/ |0'(7/e/)l), (62) 

with \og{AK) Z f < log(BK) . 

Using this and what has been established in (60) and (61) we conclude as in [RS] 
that in fact 

/oo 
u(SO(even))(x)<j>(x)dx 
-00 

and 

/oo 
w(5O(odd))(x)0(x)da; 
-00 

for any with support (0) C (—2, 2). This completes the proof of Theorem 1 for the 
family T K . 

2 A The symmetric square 

In this subsection we investigate the distribution of the low lying zeros for the family 
of L-functions L(s, F) where F = sym 2 (/), / e H%.(T). As in the previous sections 
we let Pf = \ + ijF denote a typical (non-trivial) zero of L(s, F). Throughout 
this subsection we assume GRH. From (14) and the usual derivation ([RS]) of the 
explicit formula we obtain, using the relation (9) and with as in Proposition 3 
(AK < k < BK) the approximation (K — > 00): 

/ jrlo^ = J* _ 1 logp^ / bg|, \ 
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)<t> 



2iogfs: 



1 



Setting 



we define 



Dr(F, 0) 



log if 



'7 F logiT 



7T 



fc-n 12 



log if 



(63) 



(64) 



S K [D K (F, 0)] := £ * l-jr) 7" 7 E F>k(F, 0) 



k=0{ mod 2) 
6 



/eH*(T) 



A" 



7T^ 



L(l, F)L>^(F, 0) 



(65) 



(66) 



The effort of this subsection is directed to proving that for support (0) C (—4/3, 4/3) 
and K — > oo, 



^[^(F, 0)] 



Now as in (44) we have 



D K (F, 0) <logif. 



(67) 



(68) 



Hence using the approximation (46) together with (66) and (68), we get 



S K [D K (F, 0)] = — 2 A K 

7T 



+ 0(K 1 - S °/ 2 ), (69) 



_m 2 n<.K"*o 

where 5 > is small enough but fixed (depending later on support(0) C (—4/3, 4/3)). 
Using the approximation (63) we have (with the obvious meanings) 

6 , 



7T 



m 2 n<K d 



= I + II + III + IV + V. 



(70) 
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As in (50) and (51), the sum of the first two terms is asymptotic to 



I + II ~ -h(0)K(l <j)(x)dx- (f)(0) /2), 



while the last term 



V = 0(K/ log if). 



The term IV is equal to 



^^^^ P vW AK 



E (Xf(p 4 )-x f (p 2 )) Xf{n2) 



m 2 n 



(71) 



(72) 



(73) 



m 2 n<K s o 

Applying Propositions 1 and 2 we find that for with support(0) C (—5/3, 5/3) 



IV < AT/ log AT. 



(74) 



So we are left with the term III whose analysis will occupy the rest of this subsec- 
tion. Remarkably it contributes to the main term (i.e. it is of size K) when support (0) 
is not inside [—1, 1]. That is this term gives a 'non-diagonal' contribution. 



6 E^f^W 



7r 2 log K p y/p \ 2 log K t 



E 

m 2 n<K s o 



A/(«W) 



m?n 



_6 log_p ~ /Jog_p_\ ^ f k — l ^ 2tt 2 



K k-l 



x 



\f(n 2 )\ f (p 2 ) 
i^ofekr) m 2 nL(l,F) 



By Proposition 2 this equals 



E 



logp 7 / logp 



X 



E 



7r 2 log AT p ^ \ 2 log A' 
1 



) S *( 

/ fc=0( mod 2) V 



fc-T 

a: 



m 2 n<K 6 o 

= O 



m 2 n 



c=l c V c / 



a: 



12 



E 



logp - / logp 



s log Ay irlogKp yfp \ 2 log A' 



(75) 



(76) 



(77) 
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X 



1 gS(p»,n»;c) .mJlUW. (7g) 



Applying Proposition 1 we have that III is equal to the imaginary part of 

6 y-, logp 2 / logp \ 



7r log K p ^/p \ 2 log A"/ 



^m 2 n^ c ^Anpn \Mpn) \\ 



x 

m?n<K s O 



log if J ' 

(79) 

where P is the upper limit on the range of p imposed by the support condition on 0. 
In particular if 

support(0) C (-5/3, 5/3), (80) 
then up to o(K), III is equal to the imaginary part of 

-3Ke~ l7T/4 ^ logp 7 / logp \ ^ 1 



tj-3/2 j Q g j{ l-j p I 2 log X / „ ^ , m 2 n 3 / 2 



c 



-3Ke~ 1 ^ 4 v J v 1_ v 



tt3/2 logjfs: m2 ^, Q m% 3 / 2 ^ v^(c) v 

\r^* o/ 2 2 x-/ x /2na\ _ x(p)jogP7 / Jogp \ / cK 

x £ o( mod c) 5(n , a ■ c) X (a)e (— j £ * ( ^ J ^ I - 



-3X 



V 1 V ( hgp \ v ( cR2 \ 



7T 3 / 2 log AT ma ^. 4o m 2 n 3 / 2 V ^(c) p p V 2 lo ? 
v- lp gP ? / logP \ y ( cK 2 



+ ? 7m S.. E:( m ° d c)5(n2> fl2; cMa)e ("^) 



where 



p \ 2 log K I \8npn J ' 



5n(c):=E: (l nod c )^ 2 ,« 2 ;c)e(^). (82) 
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Now for x 7^ Xo the dyadic sum for P > K 2 (the rest in the above being small) is 

s^feM^h^ (83) 

using GRH for Dirichlet L-functions. Hence the contribution from x Xo in (83) is 
« K E E ^Z^P- h+e <<KP-^(^) 2+e = o{K), (84) 



if support (0) C (—4/3, 4/3). Thus we are left with III, which is equal to the 
imaginary part of 
-3/fe- fa /4 1 v S n (c) v logP; ( logP \„ / cif 2 \ 

7r ' V21 °g^ m w<o m ^ 3/2 c vM<0 V P 1 2 log* J Kft y 8irpn J [ ^ 
SKe-™/* 1 S n (c) ]ogp.( logp \ (cK*\ 

n^logK m £ K6o mW/^V-Mc) p> j? Vn p ^logxj fc V»W 1 

(86) 

The sum S n (c) may be evaluated directly: 

S n (cic 2 ) = S n ( Cl )S n (c 2 ) if (ci, c 2 ) = 1; (87) 

If (p, n) — 1, then 

S„(p r ) 



If then 



'1 if r = 1 

ifr>l,2/r 
k (p(p r )p r / 2 if r > l,2|r 



In particular, SVj(c) = implies that 

c = ai a 2 b 2 , (90) 

where p|ai =>- p\n, (n,a 2 b 2 ) = 1, (a 2 ,b) = 1, //(aia 2 ) 7^ 0. So the c-sum in (87) 
becomes a sum over ai, a 2 , c, satisfying the above conditions. Now 

Sn(c) _ logjP- / lpgjP \ / K 2 C \ 

p ^^logirj 

^ gn(ai) .S'n(a2) ■S'nCfe 2 ) logP ? / logp \ f K 2 a 1 a 2 b 2 \ 



ai,a 2 



b y/ai<p(ai) y/ai<p(a 2 ) bip(b 2 ) p ^ 2/n p \2\ogK J \ Mpn 
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which according to (89) and (90) is equal to 

/j,( ai ) /i 2 (a 2 ) ^ ^ lo &Pl( lo SP \ t/ f^a^b 2 

2^ /77- nr- in(n _\ 2^ 2^ —-<? 7TT—F7 Vh 



/x(ax) p 2 (q 2 ) ^ y, y, logp ? / logp \ y ( K 2 a x a 2 r 2 v 2 \ 

fe^/n P ^log^J H STTpn J 

Applying Poisson summation to the z/-sum, we deduce that 
The contribution to (92) of the — 14(0)/2 term is 

-Vfc(Q) \ - MgO Agg) / \ logp ^ ( 1o sp \ / nQ x 



Hence its contribution to (87) is 

3KV h (0)e-^ 4 v J v fi( ai ) fi 2 {a 2 ) 



2vr 3 / 2 logir m2 ^ m 2 n 3 / 2 a f^ 2 ^ ^( fl 2) 
/ x lo SP ? / lo £P \ 



i / P V 2 log if / 

As K — > oo we get a contribution to the above only if na 2 = 1, i.e. n = 1 and a 2 = 1. 
So the above is asymptotic to 

3KV h (0)e~ i7T / 4 ( j\ \og Pl ( logp \ 

2 „,2 L 



27T 3 / 2 log K \ ,~l 5n m 2 j .4^ . p \ 2 log K / ' 

° \m 2 <K A / p>K 2 /n r \ o / 

which by the prime number theorem is 

2^ ~6Ji 

Recall (see Proposition 1) that 14(0) = ^h(0), so the contribution from the 
term to III is the imaginary part of 



Z \/7T Jl 



2 v^F 
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which equals 



Hv)dy. (94) 

2 2J\y\>l 



Thus (94) contributes to the main term. We now show that the rest (i.e. the terms 
in (92) other than -\V h (Q)) are o(K). We have 

x - _J x - /i(ai) /i 2 (a 2 ) x ^ . , 

Put r = rir 2 with ri\n, r 2 \a 2 and a 2 = r 2 c 2 . Hence (95) becomes 

2. ^371 E Mn) E -=— — ^— =- ^ 



m %<^0 n>l, ri |n r 2 >l,(r 2 ,n)=l V^fa) ai | n (c2>ra)=1 ^(c 2 ) 

Now according to Proposition 1, for (3 > 

/°° \4(/5a; 2 )e(xs)rfx = /°° -L /°° ^^-e^ x2u e(xs)dudx 

J-oo J-oo V27T JO 

Hence for |s| < 



/oo 
\4(/5a; 2 )e(a;s)rfa;) < |s| 2 /T 3/2 , (98) 
-oo 



and 



Also 



where 



/•oo 

Qf( e -iT/4 / \4(/5a; 2 )rfa;) = 0. (99) 

J — oo 

^(/fr^e^da; = -^S (-^) , (100) 

/oo 
14(y 2 )eM*/. (101) 
-oo 
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B(v) is rapidly decreasing so from (100) we have that 

[°° V h (f3x 2 )e(xs)dx < (102) 

J —oo S 

Thus for > 

^(e m/4 E / V h (Px 2 )e(xs)dx) 

roc _ roo 

= 3(e m/4 Yl / ^4(/?x 2 )e(xs)rfx) + ^(e^ 4 ]T / \4(/3x 2 )e(a;s)rfx), 

1 J -co 1 J— CO 

\s\</3l \s\>/W 

which by (99) and (102) 

<^> £/ + S^<1- (103) 
We return to the sum in (96). For A a large parameter we split it into the ranges 

3 /2 

K v /oIc^rir 2 / < 

and 

In the first case the sum in (96) satisfies (using (102)) 



(e- W4 E) 



^ E ^2^3/2 X/ X/ r. 



m2 „< x , m2n3/2 n|n r 2 y/rivirz) ai]n v^T C2 ^(c 2 ) 
^ logp ^ Ky/aiCsrxr^ 2 



p>i<:2 aiC2r 2 r 3 / ( 87rnA 2) V s ^o s V^ n 
( s = doesn't occur in view of (99) ), which by the prime number theorem 

/ 8irnA 2 \* K^c 2 r x r^ 2 
\K 2 aiC 2 r 2 r^ J ^fn 
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In the second case we use (103) to conclude that (with an absolute implied con- 
stant) 

3(e^ /4 E)«E E ' TL r-\ , r-\ > g*T, (105) 

P> — ,ri\n 

3/2 

where the stroke restricts the summation by the additional condition K^/a\C2r\r 2 ^ 
Ay/8npn. Since p ^ K 2 /n, it follows that in the sum (105) one of r\ (and hence n), 
r 2 , C2 or n is large in term of A. Since the series involving these all converge it follows 
that the quantity in (105) is 

<^e A \ogK, (106) 
where e A — > as A — > oo. Thus we have shown that 

C>( e --/4^) <<eAlogX) 

and hence combining (106) with (94) we obtain that for support(</>) C (—4/3, 4/3) 

/// ~ ±Kh(0) I 4>(y)dy. (107) 

4 J\y\<l 

Therefore the entire contribution to (69) (or (70)) is asymptotic to 

Mo) 



] -K( r <P(x)dx - 0(O)/2 -\f 4>{y)dy) 

J —oo Z J\y\<l 



2 J-oo \ 2nx 
This completes the proof of (67). 

Finally from an approximation argument as mentioned in Section 1.3 one derives 

S K [D(F, 0)] ~ S K [1] jT (l - <Kx)dx, (109) 

for support(0) C (-4/3, 4/3). 

This concludes the proof of Theorem 1 for the family .Fsym 2 . 
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3 Large level 
3.1 Preliminaries 



This section is devoted to proving Theorem 1 for the family jFjy of forms of large level 
N (we assume N is a prime). For simplicity we will examine what is perhaps the 
most interesting case - that of weight k = 2. The analysis goes through in general 
(i.e. weight k > 2, k even), the only modification needed being that in the average 
over F N one also has oldforms (see [AL]) but for k fixed the number of these is 0(1) 
as N — > oo so that their contribution is insignificant. 

For iV a large prime let H*(N) = H%(N) denote the set of L 2 normalized weight 
2 newforms for T (N) (since N is a prime and there are no such forms for N — 1, all 
Hecke eigenforms of weight 2 for T (N) are newforms). Any / e H*(N) has a Fourier 
expansion 



f( z ) = n 2 af(n)e(nz). 



(110) 



n=l 



Moreover for the normalized Hecke operator T n , n > 1, 



T n f = X f (n)f. 



(Ill) 



The Fourier coefficients and the Hecke eigenvalues are related by 



(112) 



Moreover, the eigenvalues Xf(n) satisfy the relations 




(113) 



It follows that / is an eigenfunction of the Fricke involution 



W n f(z) = N-h-'fi-l/iNz)), 
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that is 

W n f = Vf f, (114) 
where r)f = ±1, and in terms of the Fourier coefficients 

r,, = iM(N)\ f (N)N 1 *. (115) 

In terms of the A/(n)'s, the L-function L(s, f) is given by 

oo 

H*> /) = E A/(n)n- = (1 - \ f (N)N-r l U (1 - ^f(p)P~ s + P" 2 ")" 1 . (116) 

n=l 

Its functional equation takes the form 

A(a, /) = T{ 8 + \)L(s, f) = e/A(l - 5, /), (117) 

e/ = = -n(N)\ f (N)N*. (118) 
In using the Petersson formula (see below) we normalize 



This imposes a normalization on |aj(l)| 2 which we determine in more convenient form 
(as was done in Section 1). Let E^z, s, r (N)) be the Eisenstein series for the cusp 
at oo for r (iV), 



where 



EUz, s, r (AO) = £ (%(iz)y, (120) 

7er oo \r (JV) 



r.= ± (J [); iez 



Now for §ft(s) large we get by unfolding method 



l/WlV^oo^, *, r (iv))^ 

r (JV)\H 

ro ° r 1 - dxdy 



JO JO 



z)\ 2 y s+r 



y 
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'f;n|a / (n)| 2 e- 4wn V +1 — 

n=l f 



oo 



= K«i^<3^r< s + i> 

|a ' (1)l -r (s + i)£ A?(n) 



( 47r ) S+1 ^ S+1 

71=1 d|n,(d,iV)=l \" / 

= ^r( s + i K ( s )(i-iv-)|^). (i2i) 

We evaluate the residue at s = 1 of both sides of (121). First from the general 
principles ([Sa]) 

««««-(*■ »• r »w> = vhi(r,w\H) = WTTy < 122 > 



Imposing (120) we have 



3 ^MDIV^fVM (123) 



*(AT + 1) (4i) 2 '„f, n 

Thus 



/ 48tt / ~ A f (n 2 )\ . . 

w'^i^L?^ • (124 > 



V.n=l 

We recall the Petersson formula (with < f, f >r (N)= !)• 
Proposition 1 ([Pet]). For m, ra > 1, we have 



^ \-i / \ — r/ \ o S(m,n;c) I ' Aix^/mn\ 
(Air) Yl a f (m)a f (n) = 6(m,n)-2ir ]T --A — ^ • 

feH*(N) c=0(modiV) 6 \ 6 / 

(125) 

In terms of the A/(n)'s, this becomes (using (124)) 

12 ^ ^ S(m,n;c) ( An^/mn\ 
— Vf\f{n)\f{m) = 5{m, n) - 2vr ^ J x 



JV JV f€H*(N) c=0(modN) U \ ° 



(126) 
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where 

oo \ r+2 



-/ = (E^r 1 - (127) 
t=i 1 

We define the averaging operator A* on H* (N) by 



A*[X f ]= J2 Uf X f . (128) 

feH*(N) 

As in Section 1, Uf > 0, and assuming RH for L(s, sym 2 (/)) (which we do) we 
have that for 5 > (fixed but arbitrarily small) 

u -i = j2 h^l + 0e {N^' 2 ^). (129) 

t<N s o 

Then formula (126) becomes 

12 a*^ i w / m r/ no S(m,n;c) [4ny/mn\ . . 
___A*[A / (n)A / (m)] = (J(m, n)-27r ]T --A — ^ -(130) 

JV JV cEEO(modiV) C V 6 / 

Applying Weil's bound (26) for Kloosterman sums and the bound J\(x) <C we 
obtain 

Proposition 2. For m,n> 1 we have 

N i i 

A*[A/(n)A/(m)] = —5(m, n) + O e (iV e (m, n)*(mn/N)*). (131) 

Factoring the Kloosterman sum S(N, n; Nl) as a Ramanujan sum to the modulus 
N and a Kloosterman sum to the modulus I (see below), we get in a similar way 
Proposition 3. We have 

A*[\ f (N)\ f (n)} = ^5(N, n) + O e (N*(n,N)(n/N) 1 *). (132) 



Set 



S[X f ]= £ *f, (133) 
feH*(N) 

s + [x f ]= £ ^ x /> (1 34 ) 

feH*(N) 
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S-[X f ]= £ l -^X f . (135) 

feH*(N) 

Thus 

S[X / ] = A*[X / ^-^-i], (136) 

n=l n 

which if X/ <C log A/", say, satisfies 

5[X / ]=A*[X / ^ AK^lj _|_ (9(jv 1_<5 o/ 4 ) (137) 

n<N s n 

(using (130) and where <5 > is small but fixed). In particular, applying Proposition 
2 we have 

5[l] = ^ + 0(iV 1 -*/ 4 ), (138) 
and applying Proposition 3 and (118) 

5 ± [1] = ^ + 0(iV 1 -* / 4 ). (139) 

Finally we recall the approximate explicit formula ([RS]). As in the rest of this 
paper we write the zeros of A(s, /) as \ + 17/. 

Proposition 4. Let be a test function as in Proposition 3 (of Section 1), then we 
have 

«(/,#) == E^^/) 



7/ 



y-oo n ; iog^ p ^ p viogAr; 

2 A/(p 2 )logp ~ / 21ogp \ 

logTV^ p " ^{logNj 

2 ^ A/(p) logp ^ / logp \ + Q ( 1 



iogiv p ^ y/p "Viogivy Viogiv; 

3.2 Proof of Theorem 1 for jF/v 

In what follows we examine the asymptotics of 

S^Dif, cf>)], (140) 
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as iV — > oo. We assume that support(0) C (—2, 2). In particular support(0) C 
(— 2 + 4<5 , 2 — 4<5 ), say, for a suitable 5 > 0. We are also assuming GRH throughout 
(for L(s, sym 2 (/)) this was already assumed in (129), while we will assume it for 
L(s, x), X a Dirichlet character, later in this Section). According to Proposition 4 
we have 

S+[D(f, 0)] = 1 + 11 + 111 + IV + V, (141) 



with the obvious interpretations of these terms. From (139) we have 



I + II + V ~ 



N 



^+t++z— i(V^w ■> 



N 



2 1 I./- . ' log A ^ p \\ogN 

Applying the prime number theorem to the sum above one gets 



logiV 



(142) 



, + „ + v~£(y>>* + M). 



(143) 



Using Propositions 2 and 3 and (118) we can easily deal with III as follows. 
Ill - 



1 E^f^V'lE^f 1 ^')^] 



2 



i<N s o 



n 



logp-/21ogp 

E — <t> 



X 



N 
24 

2iV 



^-5(n 2 , p 2 ) + (n 2 , p 2 )* " /J 



TV, 



I / n 2 p 2 " 
~~N~ 



24 log TV ^ p 2 "VlogiV / 
(since support(0) C [—2 + 4<5 , 2 — 45 ]). Hence 

III = o(N). 



(144) 



We are left with dealing with the term IV which in fact contributes to the main 
term (i.e. is of size N). This term is the 'non-diagonal' term mentioned in the 
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introduction and which is present if support((/>) is not contained in [—1, 1]. 
Now 

We split this as IV a + TVb where 

and IV b is the term involving tf. 
Apply (130) to get 



x E g^Mj.f^V (147) 

c=0( mod AT) C V C / 

Up to a lower order term (using p < j\r 2_45 ° following from support (0) C (— 2 + 

4<5 , 2 - 4<J ), and J x {z) = z + 0(|z| 2 )), we get 

TriV logp ~ ( logP \ S(n 2 ,p; IN) Airn^/p 

A " 61ogA^J^ o ^{logNjti IN ' IN ' 
2n 2 _ _ ~/logp\^S(n 2 )P ;ZA0 

E E (^Mt^f E 



SiVlogiV^^; & -^logiV;^ P 
2tt 2 ^ _ ^ l( l °ZP\ S(n 2 ,p;lN) 

+ O e fiV" 1 E E (logp) E , (148) 

\ l^lop^N 2 n<N s o ) 



with Zq to be chosen momentarily. 
The above is 



2vr 2 ,S(n 2 ,a;/iV) 



p=a( mod ZAT) \^gl\ J 
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We choose l = iV 4 so that the O-term is insignificant. Thus (up to the negligible 
error term) 

IV A 



2n 2 



37V loe TV S £ Z 2 T,kmo d iN)S(n 2 ,a;lN) 

° ly l ° gly n<N s o l<l 

For x 7^ Xo( m od/iV) in (150) we assume RH so that 



(150) 



logp 



< ^1-250+6 



ylogiV, 

(using p <C A r2 ~ 4<5 °). Thus the contribution to IV a from the terms with X 7^ Xo is 

1 



(151) 



E E 



n<AT*0 K«o l 2l P(l N ) x ^ xo ( mod W) 



E /V 1 " 2 ^ E: ( mod ^(n 2 , a; UV)x(a) | 



]\Tl-28 +€ ]1\T 

«^r r - E E^-«iv 1 -n«iv 1 - i ' +5£ . 



(152) 



That is the contribution from the X 7^ Xo terms to IV a is o(N). The contribution to 
IV a from x = Xo is easily estimated as being o(N) as well. Therefore we have 



IV A = o(N). 



(153) 



We turn to IV b which is given as 

IVn = ^Y. E 1 -^&{tZZJ^ A *[-v(N)Nh f (N)\ f (n 2 )\ f (p)} 



logN p ^ Nn<NSo jpn \\og 



(154) 



N n(N)N% logp l( logp \ 

~ S(Nn 2 ,p;c) T /47rnv^Vp N 
-2tt 2^ J i 

c=0( mod TV) C V C 
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-xy(N)Ni \ogp.(]ogp\^ S(Nn\p;lN) ( innjp ) 

--ei^&4k^\w)h i Jl \17T)- (155) 

The total contribution of the terms in (155) coming from Z's with (I, N) > 1 or Z > 
N 3 , is easily estimated as o(N). Thus up to o(N) we find that IVb is asymptotically 

Z MN)N^ logp j( logp \ v s ( Nn2 >n /iV ) j (Hf) 

(156) 

Now for (Z, N) = 1, 

S(iVn 2 , p; Z7V) = /i(iV)<S(n 2 , iV>; Z), (157) 

where iViV = l(modZ), so 

-vriV5 logp~/logp\ _ S{n 2 ,Np;l) ( 

U1U & JV (J,JV)=1,J<JV3 ' n<Af'5o " 



X 



V- logp~/logp\ T (4nny/p\ 



—ttN? 1 

= E E E (xHE:(modo^ 2 . m»; 0) 

U1U & iV (/,Af)=l,/ 5 CAf3 n <AT^o m< fVJ X (mod/) 

x E x(p)logP^logp\ / 4*n^\ 

V VP w^y V ly/N ) y ' 

We separate the terms with x — Xo( m odZ) and those with x Xo( m odZ). In the 
latter case we have, assuming RH for L(s, x) 

Hence this contribution is 

i 1 1 T7 A/" 1_2l5o+e 

« J2 - E 7-777 E j- « iVl " 5 ° +£ . 

n^N s 71 1<N3 M') X ^ X() ( m od Z) V^l 
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which is o(N) as N — > oo. Thus up to o(7V) we are left with 

— 7fAA5 1 

01 °& iV (l,N)=l,l<N3 n<N«o m V\ L ) 

— UNI 1 /l(dc) (1 /l(c) 



61ogA^ n ^-i , , . r s , , ^. r o dcip(dc) 

to n^N 6 d\n 2 (dc,N)=l,dc^N 3 ^ v 7 

xV^fe j/*). (160) 

By the prime number theorem with the square root remainder we have that up to 
o(N) the last expression is 



-7riV2 1 /i(dc)n(c) 

X Ji 1 1 dc\/N I 



\dcy/N J {log N J y/t' 

4:im\/i 



Set 

V ~ dcVN ' 
then the above equals 

-N J_ fi(dc)fi(c)dc f°° - f 2\og(yVNcd/47rn) \ 

(161) 

Now the n-series converges absolutely so we consider first 



(c^li V(c) V log AT 

(c ^ =1 y(c) Vo v logiv ; 
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As in the discussion following (58) the term in parenthesis is 

~ ^logiV r 0(1 + x)dx. 
a Jo 

So the above (162) is 

~ ^(logJV) r My) r^(l + x)dxdy 
a Jo Jo 

the y integral being equal to 1 (see (6.511.1) of [GR]). Hence (160) is asymptotic to 



N 1 dfi(d) V (d) f ^,, N r x 



We have shown that IV b and hence IV satisfies 
Combining all the terms in (141) we get 



24 \J-oo 2 Ji^i / 

N f 00 ( sin(27ra;)\ , 

= — / 6(x) 1 H dx 

24 J-oc V ; \ 2nx ' 



/CO 
<p{x)W{SO{even))(x)dx. (164) 
-oo 

For S~[D(f, 0)] the only change is that 

-\ I km 

2 J\£\>1 



appears as 



\ f i km- 

2 J £ \>1 
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Thus 

s-W,*)] ~ ^(/_>W + ^)-i/ ;l ,/H 

/oo 
0(x)W(5O(odd))(a:)da:. (165) 
-oo 

The results (164) and (165) are proven under GRH and the assumption that 
support(0) C (—2, 2). This concludes the proof of Theorem 1 in the iV-aspect. 

4 Application to nonvanishing at 5 = \ 

In this short Section we derive Corollary 2 from Theorem 1. To this end define a 2 (G), 
where G is one of SO (even), SO (odd) or O, and W(G)(x) is the corresponding 
density, 

/oo 
W(G)(x)<j>(x)dx, (166) 
-oo 

the infimum being over all G «S(R) with <f>(x) ^ 0, 0(0) = 1 and support (0) C 
(—2,2). In the Appendix we determine these numbers a 2 (G). The key point that 
emerges is that as long as 

W{G)(0=S + m G (0, 
where mc(() is not constant on [—2, 2] (in our example this results from the non- 
diagonal analysis carried out in the previous Sections), the familiar test function 

/sin27ra;\ 2 

is not optimal. That is, it does not achieve the infimum in (166). 

Applying Theorem 1 (assuming GRH as is done in that Theorem) with a test 
function as in (1) we obtain: 

TSTtJ^T E E f) * « 2 (SO(even)); (167) 
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lim TJ^n E E ^d(i /) < a 2 (SO(odd)); (168) 

Sm4vT S ord(i /) < a 2 (50(even)); (169) 

V ' /6i?+(JV) 

SiiFfAO E ord(i /) < a 2 (50(odd)). (170) 

It is easy to see that in determining the infimum in (1) we can, without loss of 
generality, allow functions <p G -^(R) with support (0) C [—2, 2]. In particular 

/sin27ra;\ 2 

^ = \r^r) 

may be used. However since it does not achieve the infimum we have the strict 
inequalities 

xx f°° /, sin27ra;\ /sin27ra;\ 2 , 7 
Q2(SO (even)) < (l + — ) (— ) dx = -. (171) 

/^^/ , Z" 00 ( <■ /- sin27ra;\\ /sin 

a 2 (50(odd)) < (* + (l - — )) (— ) i X = -. (172) 

On the other hand mo(£) is constant so that 

-(°)=/:(!^)(^) 2 — ■ <™> 



From (169) and (171) we have that 



ord(|, /) > 2 

and hence 

e ^ww? ;) < is- (175) 

Since ord(|, /) is even for / G H^(N) we conclude from (175) that 

MvN^j^^Uf e ^ + (iV)|ord(i, /) ^ 0} > A. (176) 
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This establishes part (c) of Corollary 2. 

For M^{N) we have from (170) and (172) that 



lim 



iv^oo M~(N) 



E i+ E 3 

/efffc(JV),ord(i,/)=i /eif fc -(iv),ord(±, /)>3 



9 

< -. 



(177) 



Hence, 



lim 



N^ooM-(N) 



E 

/ G ^(JV) 
ord(|, /) > 3 



2 < - 



1 

8' 



(178) 



or 



lim 



E 

/ G Hfr(N) 
ord(i, /) > 3 



1 < — 



1 

16 



(179) 



Therefore it follows that 



lim 



-#{/Gtf fe -(A0|ord(-, /) = !}> 



15 
16' 



(180) 



'M-(N) " LJ ~ " K ^--"---^ 
This proves part (d) of Corollary (2). Parts (a) and (b) are proven in the same way. 

Concerning part (c) we have shown above that 



and 



V ' f&H+{N) 



1 19 

lim ord (o; /) ^ 



V ' f^H-(N) 



8 



(181) 



(182) 



It follows on adding these and from 



Mt(N)~M+(N) 



M* k {N) 



that 



ThrT^^ Y ord(-, f) <-(- + -) =1. 

iv-ooM*(AT) /g ^ (jv) 2 \8 87 



(183) 
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This proves part (e). It is interesting to note that had we applied the analogue of 
Theorem 3 in the iV-aspect, i.e. directly considered HJi(N) without breaking parity, 
we would only obtain (183) with the inequality < 1 rather than < 1. The reason is 
that as noted in (173), 012(0) — 1- Thus apparently the strict inequality in (183) 
requires an analysis beyond the diagonal (through breaking parity). 

Finally the case (f ) of Corollary 2. Again we write 

W\Sp)(0 = 5o + m(0- 
Now m(£) is not constant on (— |, |) so that the test function 



/sin 27rx\ 2 
V 2nx ) 



<Kx) = 

is not optimal. Thus, if 

/oo 
W{Sp){x)<p{x)dx, (184) 
-00 

the infimum being over all 0^0, 0(0) = 1 and support(0) C (— |, |), then 

r (sm^fV ( sin27nr\ 9 



01 3 



Hence 

Tim"^- Y Y 2 < — . (186) 

k = 0(mod2) ord(|, sym 2 (/)) > 2 
This implies that (recall L(s, sym 2 (/)) all have even functional equations) 

lim _i_ y y 1 > — . (187) 

M(K) ^ ^ , s 64 V ; 

/e^(r) 

fc = 0(mod2) ord(|, sym 2 (/)) = 
This completes the proof of Corollary 2. 
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5 Appendix. A related extremal problem 



In the previous Section we faced particular instances of the following extremization 
problem. We are given a weight W(x) on R whose Fourier transform W(£) is known 
only partially, say in the interval [—2, 2]. The problem is to determine 

f W) — ' ( } 

the infimum being taken over all > for which support (0) C [—2, 2]. We assume 
further that G L 1 (R). Examples of W(x) are the densities in (4). 

In Section 4 we used the test function 

in (188). We show below that it yields almost but not optimal results. 

As it stands (188) looks like a linear program problem. However as is pointed out 
by Gallagher [Ga] it follows from a theorem of Ahiezer and the Paley- Wiener theorem 
that the admissible functions in (188) coincide with (or have the form) 

<Kz) = \h{z)\ 2 , (189) 

where h is an entire function of exponential type 1 and h G L 2 (R). That is 

m = (g*g)(0 (wo) 

where 



9(0 = 9(-Z), support^) C [-1, 1], g G L 2 [-l, 1]. (191) 
By Plancherel Theorem (188) is equivalent to minimization problem 

inf R(g), 

9 eL2[-2,2] 
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where 

/its *g)(m 

For what we have in mind W(£) takes the form 

W(0 = So + m(0 (193) 

for |£| < 2, m(£) being a real piecewise continuous function on [—2, 2] which moreover 
is even in £. This is the form of the problem which we examine. 

Define the self-adjoint operator K from L 2 [— 1, 1] — > L 2 [— 1, 1] by 

ify(a;) = ^ m (x - y)g{y)dy. (194) 
The functional R takes the form 

So the minimization problem is that of a quadratic form subject to a linear constraint. 
Since W > 0, -R(g) > for any g and so / + K > 0. Now K is compact and self- 
adjoint so it has eigenvalues Xj, j = 1, • • • , with |Aj| — > 0. From the above we have 
-1 < Xj, for j — 1, 2, • • •. 

It may happen that —1 is an eigenvalue or equivalently that the finite dimensional 
kernel 

N = ker(J + K) ^ {0}. 

In this case if there is g G iV such that < g, 1 >^ 0, then clearly R(g) = 0, and the 
minimization in question yields the value 0. 

If we are not in this singular case (which will happen if Ai > —1 which is what 
occurs in our applications), then ker(J + K) is orthogonal to I. Hence by Fredholm 
theory 1 G Image(J + K). That is there is an f G N 1 - such that 

(I + K)f = l. (196) 
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Moreover since I + K > on N 1 - we have 



A=<(I + K)f , f >=<l, f > (197) 

is positive. 

Proposition 1: In the nonsingular case 

inf R(g) = i (198) 

and it is attained by f which satisfies (196). Moreover if Ai > —1 then this minimizer 
is unique (in fact the solution to (196) is unique). 

Proof: Let g G L 2 [—\, 1] with the normalization < 1, g >= A (which we can assume 
if < 1, g >t^ 0). Then writing g = f + h, we have < h, 1 >= 0, i.e. 

<h, (I + K)f >=0. (199) 

Hence 

m , <fo + h, (I + K)(f + h)> 
tt{9) = ^ 

1 <h, (I + K)(h)> <h, (I + K)(f )> 

A A 2 A 2 

1 

> A' 

So as long as we are not in the singular situation, the minimizer is given by (196), 
which is a standard Fredholm equation of the second kind. It can be solved in a 
number of ways. 

We can now answer our main question: 
Corollary 2: 



49 



is optimal iff 



/. 



-i 



m(x — y)dy 



is independent of x . 

Proof: If is as the above, the corresponding g is constant on [—1, 1]. Now g — f is 
constant according to (196), iff the constant function is an eigenfunction of K. This 
is equivalent to the statement of the corollary. 

We apply Corollary 2 to our weights in (4). Firstly, since the property 



with <fi > and G -^ 1 (R) implies that = 0, it follows that Ai > — 1 (in the 
corresponding eigenvalue problem). That is (/ + K) is invertiable. Hence we don't 
have to worry about the singular case and the unique minimizer f satisfies the 
equation 



According to Corollary 2 in all cases except the last (i.e. O), the function m(£) is 
not constant on [—2, 2] and it follows that except in the last case 




(I + K)f = l. 



(200) 



The functions m for our densities are as follows: 



m(5O(even))(0 = ^/ [ -i > i](0 

m(5O(odd))(0 = l-^[-i, i](0 
m(5p)(0 = -^[-i,i](0 
m(O)(0 = \ 



(201) 
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is not the minimizer. This establishes (171), (172), (173) and (185) of Section 4. 

It is not difficult to determine the extremal functions for the m's in (201). J.Vanderkam 
[Va2] first pointed out to us these functions which he obtained by a direct analysis of 
the functional (188). 

We must solve the equation (196), that is 

f (x) + £ m(x - y)f (y)dy = 1, (202) 

where m is any one of the functions in (201). Since m is even and the solution / 
is unique, it follows that fo is an even function of x. In particular for SO (even) it 
satisfies 

\ t fo(y)dy + \ C~ X f (y)dy + f (x) = 1, (203) 
2 Jo 2 Jo 

for < x < 1. 

For SO (odd) it satisfies 

r fo(y)dy - \ f (y)dy + f (x) = 1, (204) 
Jo I Jo 



3 
2 



for < x ^ 1. 



Solving for these by trigonometric functions (i.e. Fourier series) one finds that 

cos(- — — ) 

M*)= p> • Ax. 4 Liy 0<x<l, (205) 
V2 sm( I ) + sin(^) 

solves (203), while its even extension to [—1, 1] solves (202). Applying (197) and 
Proposition 1 then yields the minimum. A calculation then shows that 

a 2 (SO(even)) = 3 + C ° t( ^ = 0.8645 • • • . (206) 



Similarly 



f (x) - COS (f + gj f 2 07) 
}0{X) ~ 3sin(^)-2sin(^i)' (2 ° 7) 
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for < x < 1, solves (204). It leads to the value 

a 2 {SO{odd)) = Q W = 1.1145 ■■■■ (208) 
8 

In particular these allow us to conclude that 

(a) . (176) of Section 4 holds with > ^ replaced by 

13 - cot(i) 

^ ^ = 0.5678 • • • 

16 

(b) . (180) of Section 4 holds with > if replaced by 

19 - cot(i) 

> ^ = 0.94275 • • • 

16 



(c). (183) of Section 4 holds with < 1 replaced by 

4 + cot(±) 
€ — = 0.9895 
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